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Abstract: In this paper we derive for the first time the N3LO gravitational spin-orbit
coupling at order G4 in the post-Newtonian (PN) approximation. This represents the first
computation in a spinning sector involving three-loop integration. We provide a compre-
hensive account of the topologies in the worldline picture for the computation, which is
carried out within the effective field theory (EFT) of gravitating spinning objects. Our
computation makes use of the publicly-available EFTofPNG code, which is extended using
loop-integration techniques from particle amplitudes. We provide the results for each of
the Feynman diagrams in this sector. The three-loop graphs in the worldline picture give
rise to new features in the spinning sector, including divergent terms and logarithms from
dimensional regularization, and transcendental numbers, that the final result is also ob-
served to have. We also find that this piece of the sector vanishes in the test particle limit.
This result enters at the 4.5PN order for maximally-rotating compact objects, and together
with previous work in this line, paves the way for the completion of this PN accuracy.
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1 Introduction
The recent detection of gravitational waves (GWs) by the LIGO collaboration [1, 2] has
reinforced the importance and urgency of high-precision gravity predictions. The world-
wide network of ground-based detectors has been continually growing [3, 4] with upcoming
ground- and space-based detectors to reach a broader band of frequencies, as well as higher
sensitivities [5–9]. These observations are primarily designed to detect the mergers of bina-
ries of compact components, which build up to this dramatic event via a long inspiral phase
in which they orbit each other with non-relativistic velocities. For this reason the study
of the analytical post-Newtonian (PN) approximation of General Relativity has become
crucial including the orbital dynamics of the compact binaries [10] being an essential in-
gredient for the theoretical waveform models that are created using the effective one-body
(EOB) framework [11].
Table 1 shows the complete state-of-the-art in PN orbital dynamics of generic compact
binaries to date. Each correction enters at the n + l + Parity(l)/2-th PN order, where n
indicates the NnLO, l indicates the order in spin up to the l-th multipole Sl, and the
parity is 0 or 1 for even or odd l, respectively. Classical effects with spin to the l-th order
correspond to amplitudes involving a quantum spin of s = l/2. The table lists the number
of the highest-loop graphs (as defined in section 3.1 below) in each sector as a measure
of its computational scale in the effective field theory (EFT) framework for PN gravity
[12, 13], with n loops entering generically at NnLO. Note that, in the non-spinning sector,
when the Kaluza-Klein (KK) field decomposition [14, 15] is employed, only the 2⌊n/2⌋-loop
level is required, such that e.g., at the 5PN order only the four-loop level is relevant, and
the omitted entry on the first row at N5LO, to the right of the table, would be 0.
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❍
❍
❍
❍
❍
❍
l
n
(N0)LO N(1)LO N2LO N3LO N4LO
S0 1 0 3 0 25
S1 2 7 32 174
S2 2 2 18
S3 4 24
S4 3
Table 1. The number of highest-loop graphs in the worldline picture contributing to each sector
in the state-of-the-art of PN gravity for the orbital dynamics of compact binaries.
So far the sectors with boldface entries in table 1 have been completed for generic
compact binaries only via the EFT formulation of gravitating spinning objects introduced
in [16], see [17–20] . The formulation in [16], which also provided the leading gravitational
couplings to all orders in spin, thus enabled the completion of the current state-of-the-art
to the 4PN order. The work in [16] was also recently extended to the NLO of the cubic-in-
spin sector at the 4.5PN order [20], which is to date the only PN work to explore the gray
area in table 1, associated with the gravitational Compton scattering with spins s ≥ 3/2.
All sectors up to the 4PN order (apart from the top right one in the non-spinning sector)
are available within the public EFTofPNG code [21, 22].
In this work, we derive for the first time the N3LO spin-orbit coupling from interaction
at G4, which consists of the highest-loop graphs in this sector at three-loop level, and
which enters at the 4.5PN order for maximally-rotating compact objects. This is the
highest loop level tackled in the spinning sector so far. Together with the sector tackled in
[20], this sector completes the 4.5PN order accuracy, thus uniquely pushing the precision
frontier of PN gravity via the EFT of spinning gravitating objects. This work follows
the EFT approach from [12], building on the EFT of gravitating spinning objects [16]
and its implementation in the unique public EFTofPNG code in [21, 22], to exploit more
methods from particle amplitudes. This work also builds on the implementations of [16] at
the two-loop level in [18, 19, 23–25], and on prior work at the N3LO in the non-spinning
sector in [26–34]. Possible tails of radiation reaction involving spin couplings enter at the
5.5PN order [10, 35], namely beyond the order considered in the current sector, so no IR
divergences are involved in this work.
Beyond the conceptual difficulty of tackling spins in gravity, the spinning sectors are
also rather challenging at the computational level. It was already highlighted in [20] that
sectors that have an even order in the spin (and in particular the non-spinning sector)
are consistently easier to handle than those which are odd. First, at this loop order it
is known that simple poles and logarithms from dimensional regularization arise at G4
when approached with traditional methods [10]. Yet, in an EFT computation with the
KK decomposition of the metric, such intricate features do not show up at G4 [33, 34],
since as was noted above the KK decomposition postpones the appearance of three-loop
integration in the non-spinning sector to the N4LO. Thus, while there are no graphs that
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enter at three-loop level at the N3LO without spins, in the spin-orbit sector there are 174
such graphs, as shown in table 1.
This sector is also more complex in terms of raw number of graphs with 388 graphs to
evaluate, compared to only 8 in the N3LO non-spinning sector. This is because in contrast
to the non-spinning case, in the spinning sectors all possible topologies are realized at each
order of G [36]. Second, since spins are derivatively coupled, we tackle integrand tensor
numerators as high as rank eight, comparable to N5LO in the non-spinning sector. Further,
this derivative coupling introduces more time derivatives due to the spin couplings. Finally,
and related to the previous point, another notable aspect that further demonstrates the
relative intricacy of the spinning sectors with respect to the non-spinning ones, is that
accelerations enter already at the LO spin-orbit sector [37], that is at the 1.5PN order,
compared to the N2LO in the non-spinning sector which is at the 2PN order.
This paper is organized as follows. We begin in section 2 by presenting the formal setup
within the EFT of gravitating spinning objects. We then proceed in section 3 to study
the diagrammatic expansion, first looking into the new topologies in the present spinning
sector by revisiting the structure of topologies in the EFT approach from the ground up
in section 3.1. We go on to consider the specific graphs that need to be evaluated in
this sector in section 3.2, and evaluate them by supplementing the EFTofPNG code with
common methods from particle amplitudes, in section 3.3. We then discuss the findings
of our evaluations, highlighting some special features in section 3.4, and discuss the total
outcome for the sector in section 4. Finally, we conclude in section 5.
2 EFT of gravitating spinning objects
We first present the formal setup required to carry out the EFT computation of the N3LO
spin-orbit sector at order G4. Here we will build on the presentation in [25] and [13] (as well
as the references therein), reviewing the relevant part of the one-particle effective action,
and introducing the new Feynman rules that enter at this order. Note, though, that we
will keep here all dependence on the number of spatial dimensions, d, explicit, as done in
the EFTofPNG code [21], due to our use of dimensional regularization (with the appearance
of related divergences, as shall be seen in section 3).
Let us recall the two-particle effective action describing a compact binary system [12,
13], which reads
Seff = Sg[gµν ] +
2∑
a=1
Spp(λa), (2.1)
where Sg is the pure gravitational action, and Spp is the worldline point-particle action for
each of the two components of the binary, which depends on a worldline parameter of the
a-th component, λa.
First, we need to take into account the purely gravitational action at the orbital scale.
This is given in terms of the gravitational field, gµν(x), as follows:
Sg[gµν ] = SEH + SGF = − 1
16πGd
∫
dd+1x
√
g R+
1
32πGd
∫
dd+1x
√
g gµνΓ
µΓν , (2.2)
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where Γµ ≡ Γµρσgρσ, and we have the Einstein-Hilbert action supplemented by a gauge-
fixing term, chosen to be the fully harmonic gauge. Note that, similar to the modified
minimal subtraction (MS) prescription [38], we use here the generic d-dimensional gravi-
tational constant, Gd, defined as:
Gd ≡ GN
(√
4πeγ R0
)d−3
, (2.3)
where GN ≡ G is Newton’s gravitational constant in three-dimensional space, γ is Euler’s
constant, and R0 is a fixed renormalization scale. In what follows, we will use ǫ ≡ d− 3 to
denote the dimensional parameter in dimensional regularization.
We then decompose the gravitational field into a d+1 non-relativistic form in a Kaluza-
Klein (KK) fashion:
ds2 = gµνdx
µdxν ≡ e2φ (dt−Aidxi)2 − e−2cdφγijdxidxj , (2.4)
where cd ≡ 2(d−1)/(d−2). This parametrization has considerably facilitated higher-order
PN computations in the EFT approach [14, 15]. Eq. (2.4) defines the KK fields: φ, Ai,
and γij ≡ δij + σij , identified as the Newtonian scalar, the gravito-magnetic vector, and
the symmetric tensor, respectively. The gravitational action in eq. (2.2) is worked out in
terms of the KK fields in [39], and in more detail in the EFTofPNG code [21]. This action
gives rise to the following propagators for the KK fields:
〈 φ(x1) φ(x2) 〉 = = 16π Gd
cd
· δ(t1 − t2)
∫
~k
ei
~k·(~x1−~x2)
~k2
, (2.5)
〈Ai(x1) Aj(x2)〉 = = −16π Gd · δ(t1 − t2)
∫
~k
ei
~k·(~x1−~x2)
~k2
δij , (2.6)
〈σij(x1)σkl(x2)〉 = = 32π Gd · δ(t1 − t2)
∫
~k
ei
~k·(~x1−~x2)
~k2
Pij;kl, (2.7)
where we abbreviate
∫
dd~k
(2π)d
as
∫
~k
, and Pij;kl ≡ 12
(
δikδjl + δilδjk + (2 − cd)δijδkl
)
. These
propagators receive perturbative relativistic corrections from quadratic vertices involving
two time derivatives; however, since we only consider the leading contribution in G4 to the
N3LO sector, such corrections will not play a role in this paper.
Let us turn now to the Feynman rules required for this sector, which go beyond those
appearing in the lower-order spinning sectors, presented in [25]. The latter can be found
for generic d in the public EFTofPNG code [21]. The Feynman rules relevant as of this order
were indeed obtained by extending the FeynRul module of the EFTofPNG code [21].
We consider first the bulk vertices. There are two new cubic self-interaction vertices
to consider,
=
1
256πGd
∫
dd+1x
[
σii
[
(∂iσjj)
2 − 2(∂iσjk)2 + 4(∂iσij)2 − 4∂iσjk∂jσik
]
+ 2
[
4σij∂kσik − 4σik∂iσjk − 2σik∂jσik − σij∂iσkk
]
∂jσii
– 4 –
+ 4σij
[
∂iσkl∂jσkl − 2∂kσik∂lσjl + 2∂kσil∂kσjl + 2∂kσil∂lσjk
]]
,
(2.8)
=
1
64πGd
∫
dd+1x
[[
∂iAi∂tσjj − ∂tAi∂iσjj + 2∂tAi∂jσij − 2∂iAj∂tσij
]
σii
+Ai
[
∂tσjj(∂iσkk − 2∂kσik) + 2∂tσij(∂jσkk − 2∂kσjk)− 2∂tσjk(∂iσjk − 2∂jσik)
]
+ 2∂tAi
[
σij(∂jσkk − 2∂kσjk) + σjk(∂iσjk − 2∂jσik)
]
− 2∂jAi
[
σij∂tσkk − 2σik∂tσjk − 2σjk∂tσik
]− 2∂iAiσjk∂tσjk], (2.9)
three new quartic self-interaction vertices,
=
cd
64πGd
∫
dd+1x
[
φ
[
σii
(
∂iAj (∂iAj − ∂jAi) + (∂iAi)2
)
+ 2σij
[
2 (∂iAk∂kAj − ∂iAj∂kAk)− (∂iAk∂jAk + ∂kAi∂kAj)
]]]
, (2.10)
=
cd
32πGd
∫
dd+1x
[
(2σijAi∂jφ− σiiAj∂jφ) ∂tφ
]
, (2.11)
=
cd
256πGd
∫
dd+1x
[
(∂iφ)
2
(
2(σij)
2 − (σii)2
)
+ 4∂iφ∂jφ (σkkσij − 2σikσjk)
]
, (2.12)
and one new quintic self-interaction vertex,
=
c3d
192πGd
∫
dd+1x φ3
(
∂iAj (∂iAj − ∂jAi) + (∂iAi)2
)
. (2.13)
Notice that at this order the KK tensor field σij starts to play an important role in the
interaction, and that all these vertices contain at most a single time derivative.
Let us proceed then to consider the point-particle action of a spinning particle [13].
Since we are considering the spin-orbit sector, which is linear in the spins of the particles,
it is sufficient here to take into account only the minimal coupling part of the effective
action of each of the spinning particles. This part of the action reads [16]:
Spp(λ) =
∫
dλ
[
−m
√
u2 − 1
2
SˆµνΩˆ
µν − Sˆ
µνpν
p2
Dpµ
Dλ
]
, (2.14)
where m is the mass, uµ is the 4-velocity, pµ is the conjugate linear momentum, and Ωˆ
µν
and Sˆµν , are the generic angular velocity and spin variables of the particle, respectively.
This form of the action in eq. (2.14) is covariant, as well as invariant under gauge of the
rotational variables [16]. This is in contrast to the action presented in [40–42], which does
not have generic rotational variables, and does not include the last term in eq. (2.14) (in
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fact, in the part of the sector that is considered in this paper, which is at the highest order
in G, the latter term does not play a role). Note that both the mass and spin couplings
play important role in the spin-orbit interaction.
Additional worldline mass couplings are also required at N3LO. In particular, we have
the following two new Feynman rules for four-graviton couplings:
=− 1
24
m
∫
dt φ4, (2.15)
=
1
6
m
∫
dt φ3Aiv
i, (2.16)
where the thick vertical lines represent worldlines, and the spherical blobs represent mass
insertions.
Finally, let us consider the new worldline spin couplings required in this sector. For
the two-graviton coupling to the worldline spin, the new Feynman rule is:
=
1
8
∫
dt
[
Sijσil [2v
m (∂jσlm − ∂lσjm) + vm∂mσjl + ∂tσjl]
]
, (2.17)
where the oval blobs stand for the spin dipole sources. Notice in particular the last term,
which involves a time derivative, that enters here at the LO of the vertex; This did not
occur in vertices at lower orders. These rules are already given in terms of the physical
spatial components of the local spin tensor in the canonical gauge [16], so all indices are
Euclidean. For the three-graviton coupling to the worldline spin, the new Feynman rule is:
=
cd
4
∫
dt [Sijσil (∂jAl − ∂lAj)φ] , (2.18)
and for the four-graviton coupling to the worldline spin, the new Feynman rule is
=
c3d
12
∫
dt
[
Sij∂iAj φ
3
]
. (2.19)
Note that, similar to what happens as of the NLO, at the NnLO, the (n+1)-scalar graviton-
spin coupling is absent in the KK fields together with our gauge choice for the rotational
variables. Thus, this vertex is deferred to higher PN orders.
3 Diagrammatic expansion
In this section we present and evaluate the Feynman diagrams that comprise the pertur-
bative PN expansion of the N3LO spin-orbit sector at order G4. As illustrated in table 1,
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Figure 1. The single graph topology at or-
der G: One-graviton exchange with no self-
interaction.
(a) (b)
Figure 2. Graph topologies at order G2: (a)
No self-interaction vertices. (b) One cubic ver-
tex. This is a one-loop topology in the worldline
picture.
the analysis of this sector builds on the N2LO spin-orbit sector obtained in [43–45], and in
[25] via the EFT of spinning gravitating objects, and on the non-spinning N3LO sector (at
the 3PN order) [26–34]. In contrast to the non-spinning case, all possible topologies are
realized in the spinning sector at each order of G [36]. Hence, in the present sector three-
loop topologies (in the worldline picture, as specified below) must be tackled, including
topologies whose integrals need to be reduced using integration by parts (IBP) [46]. This
is unlike the situation in the non-spinning sector, where such three-loop topologies appear
only at N4LO (at the 4PN order) [13]. Therefore,
We start by giving a comprehensive account of the topologies and the corresponding
integrals that appear in this sector, before proceeding to enumerate all of the Feynman
graphs and their evaluation. Similar to the ingredients presented in the previous section,
all of the computational aspects of the work presented in this section were carried out using
the EFTofPNG code [21, 22], that has been extended and scaled to handle this challenging
sector.
3.1 Topologies
Let us begin by describing the generic topologies that enter at order G4. To establish
our terminology, we first review the topologies that appear at lower orders of G; these are
shown for G1, G2, and G3 in figures 1, 2, 3 [13], respectively.
First we consider the integral expressions which correspond to the various topologies.
For instance, graph (a) in figure 2 is proportional to
Fig. 2(a) ∼
∫
~p1
ei~p1·(~x1−~x2)
~p21
∫
~p2
ei~p2·(~x1−~x2)
~p22
, (3.1)
so this is just a factorization into two copies of the basic topology at order G shown in
figure 1. However, if we perform the following simple change of variables:
p1 + p2 → p, p2 → k1, (3.2)
we obtain
Fig. 2(a)→
∫
~p
ei~p·(~x1−~x2)
∫
~k1
1
~k21(~p− ~k1)2
∼ Fig. 2(b), (3.3)
where p is the Fourier momentum (or the momentum transfer of the source), and k1 is the
loop momentum. Hence, we see that both topologies at order G2 can also be expressed in
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(a1) (a2)
(b1) (b2)
(c1) (c2)
(d1) (d2) (d3)
Figure 3. Graph topologies at order G3: (a) No self-interaction vertices. (b) One cubic vertex.
(c) One quartic vertex. (d) Two cubic vertices. Topologies (c) and (d) constitute the two-loop
topologies in the worldline picture. The topology (d3) is a rank-two topology as specified below.
terms of a single basic one-loop integral. On the other hand, from eq. (3.1) that is written
directly in the worldline picture we see that the topologies that appear at each higher
order in G are often no more complicated than those appearing at lower orders. It is thus
beneficial to discern the worldline picture, in which all topologies and graphs in this paper
are drawn. This is facilitated by considering the following useful definition:
Definition 1 The loop order, nL, of a graph at order G
n in the worldline picture, can be
defined as
nL ≡ 2n−
n+1∑
i=1
mi, (3.4)
where mi, denote the numbers of gravitons in each of the n+ 1 worldline insertions.
In particular, we see that the maximal loop order in the worldline picture at order Gn, which
is n− 1, is realized only in the topologies which contain exclusively one-graviton worldline
insertions. For instance, figure 2(b) is a one-loop topology, whereas the factorizable figure
2(a) is a 0-loop topology.
It is straightforward to generalize this for topologies at higher orders in G. This gives us
two possible perspectives on any given graph at order Gn+1: either in a form standardized
into a n-loop integral, using a change of variables as in eq. (3.2), which corresponds to
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the picture of a two-point function with massless propagators [13, 47]; or in the worldline
picture, with integrals that may factorize into a product with copies of the basic 0-loop
topology at order G. In particular, graphs with m-graviton worldline insertions, where
m ≥ 2, are always factorized in this way and correspond to lower-loop graphs in the
worldline picture.
With these two perspectives in mind, the topologies at order G3 (shown in figure 3)
can be classified into three types according to their two-loop standardized integral form,
as detailed in [23]:
1. The nested type, which includes most of the topologies at this order, {(a1), (a2),
(b1), (b2), (c2), (d2)}.
2. The factorizable type, which includes only the two topologies {(c1), (d1)}.
3. The topologies that are neither of the two former types, which must be reduced to
a linear combination of the two former basic integrals using IBP relations. Only
topology (d3) falls into this class.
In view of the above classification it is useful to introduce the following definition:
Definition 2 We define a topology at order Gn+1 to be of rank r, when r of the basic
n-loop integral types are required in order to express its n-loop integral form.
For instance, topology (d3) is a rank-two topology since it is expressed in terms of linear
combinations of (the integrals corresponding to) nested and factorizable topologies. All
other topologies at this order are rank-one topologies, since they are themselves nested or
factorizable.
Let us finally proceed to the topologies that appear in the spin-orbit sector at order
G4, which are shown in figure 4. There are in fact three basic types of integrals, that form
a basis for the topologies at this order. The 32 topologies at this order can be classified as
follows:
1. The nested-nested type, which accounts for 22 of the topologies, {(a), (b), (c2)-(c3),
(d2), (e1)-(e3), (e5)-(e7), (f3)-(f4), (g2)-(g3)}.
2. The factorizable-nested type, which includes topologies {(d1), (f1), (f2), (g1)}.
3. The nested-factorizable type, which includes only the topologies {(c1), (e4)}. This
type cannot be realized as a three-loop topology in the worldline picture, where it
actually contains only two-loop topologies. Any attempt to draw such a three-loop
graph would contain graviton loops, which are purely quantum, and excluded in our
setup. Of course, this type is still three-loop in the two-point function picture [48].
4. Beyond these basic types, there are higher-rank topologies, which can be further
subdivided:
(a) There is a single rank-two type, which can be expressed as a combination of the
nested-nested and the nested-factorizable topologies. There is a single topology
of this type, (e8).
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(a1) (a2) (a3)
(b1) (b2) (b3) (b4) (b5) (b6)
(c1) (c2)
(d1) (d2)
(c3)
(e2) (e3)(e1) (e4) (e5) (e6) (e7) (e8)
(f1) (f2) (f3) (f4) (f5)
(g1) (g2) (g3) (g4) (g5)
Figure 4. Graph topologies at order G4: (a) No self-interaction vertices. (b) One cubic vertex.
(c) One quartic vertex. (d) One quintic vertex. (e) Two cubic vertices. (f) One cubic vertex and
one quartic vertex. (g) Three cubic vertices.
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(b) The rank-three topologies, {(f5), (g4), (g5)}, which can only be expressed in
terms of linear combinations of all three basic integral types at this order.
The rank-one topologies all boil down to one-loop computations, whereas higher-rank
topologies need to be worked out more laboriously. Notice that only 12 topologies at
order G4 are three-loop topologies in the worldline picture, namely topologies (d), (f), and
(g) in figure 4 (see also figure 12 in [13]). It is Feynman graphs with these topologies that
are counted in the relevant entry in table 1. As we shall see below in section 3.4, these are
also the graphs that give rise to the novel features that appear in this sector.
3.2 Graphs
We are now ready to enumerate the full set of Feynman graphs that contribute to the
N3LO spin-orbit sector at G4. Clearly, as can also be understood from glancing at table 1,
the construction of the current sector builds on the N2LO spin-orbit and the non-spinning
N3LO sectors, with the notable difference that the latter does not introduce three-loop
graphs in the worldline picture [33, 34]. This is yet another sense, in which the spinning
sector is more complicated than the non-spinning sector, because all possible topologies
are realized at each order in G, even when the KK field decomposition is used [14, 15, 36].
Further, the presence of a single spin coupling among the worldline insertions means that
fewer graphs are equivalent under the permutation of worldline insertions, leading to more
unique graphs in the spin-orbit sector than in the non-spinning sectors. In fact, there are
far more distinct graphs in the N3LO spin-orbit sector at G4 than even at N5LO in the
non-spinning sector at G6 [49, 50]).
The generation of the Feynman graphs was carried out using the FeynGen module of
the EFTofPNG public code [21], which was extended to this order. The extension of the code
and the graphs were crosschecked. The graphs are drawn (using JaxoDraw [51, 52] based on
[53]) in figures 5–11 below. The higher-rank topologies are the more complex, and as such
they give rise to the highest numbers of unique graphs. In general, the more self-interaction
vertices in a topology, the more graphs it contributes to the sector. All in all, there are
388 unique graphs in the sector; 174 of which are three-loop graphs; these are shown in
figures 9–11; 93 of which are higher-rank graphs; Of the latter 26 are rank-two, while
67 are rank-three. The higher-rank graphs are reduced using IBP methods, as discussed
below. For comparison, in lower-order sectors only 17 rank-two graphs contribute, yet
these graphs still constituted the bottleneck of the calculation, even when automated using
the first version of the public EFTofPNG code. Therefore, it was clear that more advanced
integration methods, in particular for the reduction of higher-rank integrals, would be
necessary for the integration to be scaled.
3.3 Integration and scalability
To evaluate the graphs in this sector we made use of the public EFTofPNG code, with
significant upgrades to its NLoop and Main modules [21].
Higher-rank integrals are reduced using the integration by parts (IBP) method [46],
which was previously implemented within the EFTofPNG code for rank-two integrals. IBP
– 11 –
relations were first applied to two-point graphs with three-loop massless propagators in
[54], and the reduction was developed in [55, 56]. The main development in the EFTofPNG
code involves a new implementation of the IBP method.
The upgraded code processes the integrals in this sector in several stages. First, the
integrations are streamlined by separating into an external Fourier momentum and three
internal loop momenta, similarly to the change of variables used in eqs. (3.2) and (3.3).
Next, all tensor dependence in the loop momenta is removed from the numerators via
the projection method [57–59], which may be familiar to the readers from the Passarino-
Veltman procedure at one-loop [60] (see also [61, 62] for a useful modern presentation of
the method). Since spins are derivatively coupled, tensor numerators are present as high
as rank-eight, similar to the rank encountered at the N5LO in the non-spinning sector. Fi-
nally, the resulting integrals are reduced using IBP relations [46] via a variant of Laporta’s
algorithm [56], resulting in expressions in terms of only three basic scalar integrals, corre-
sponding to the three basic topology types at order G4, specified in section 3.1. Altogether,
the code runs over approximately two days.
This upgrade will be made publicly available in a future update of the code, and will
be presented in a forthcoming publication.
3.4 Findings
The values of the individual Feynman graphs are found in the appendix and the ancillary
file to this publication. When two graphs are related by exchange of worldline labels,
1↔ 2, we present only the graph with spin coupling on worldline “1”.
Let us point out here some notable features of our results. Of these features, those
which are new to the spinning sector, arise uniquely from three-loop topologies and thus
did not show up at the N3LO non-spinning sector at G4 within EFT derivations [33, 34, 50].
Zeros before integration. There are graphs that vanish at the level of the Wick con-
tractions before any integration. Often this is due to symmetry cancellations, in particular,
due to the antisymmetry of spin insertions. There are 15 graphs that similarly vanish in
the present sector.
Zeros from contact interaction terms. The nested-factorizable topologies (c1) and
(e4) in figure 4 yield zeros due to their dependence in ǫ ≡ d− 3. In particular, it holds for
the factorizable two-loop topologies at order G3 that:
Fig. 3(c1),(d1) ∝ [Γ(−ǫ)]−1 ∼ ǫ+O(ǫ2), (3.5)
and similarly for the nested-factorizable topologies (c1) and (e4) in figure 4, which contain
the factorizable two-loop topologies as their subgraphs. In fact, for the latter topologies
we have:
Fig. 4(c1),(e4) ∝ ζ(2)[Γ(−ǫ)]−1 ∼ ζ(2)ǫ+O(ǫ2), (3.6)
which gives rise to the appearance of ζ(2) = π2/6 in rank-three graphs as we discuss below.
To recap, graphs of the nested-factorizable topologies, similar to the factorizable two-loop
topologies, stand here for purely short-distance contributions, which are contact interaction
terms of the form δ(~r),with ~r ≡ ~r1 − ~r2 [23]. There are 25 graphs of this type that vanish.
– 12 –
Riemann zeta values. The rank-three topologies (f5), (g4), and (g5), give rise to terms
proportional to ζ(2) = π2/6, and are the source of all transcendental contributions to our
result, the first such observed in the spinning sector. We recall that the rank-3 topologies
involve a linear combination of all three basic three-loop integrals, and that these ζ(2)
factors in particular originate uniquely from the nested-factorizable integral as noted in
eq. (3.6) above.Now, we recall that the IBP reduction relations yield linear combinations
of basic integrals, with the coefficients including also the factor ǫ−1, i.e. with explicit poles
in ǫ, see e.g. [23]. Hence, in these rank-three topologies we have poles canceling out the
zeros in ǫ, and the ζ(2) factor is then uncovered. There are 31 graphs of the three rank-three
topologies that give rise to terms that contain ζ(2).
Riemann zeta values occur in quantum loop corrections starting at one loop, and thus
in view of the contact interaction terms, associated with encapsulated UV physics as noted
above, that arise at the N2LO, it is not surprising that such Riemann zeta values appear
at N3LO. Let us point out that topology (e8), which is a rank-two topology, comprised
from two of the three basic integrals, also contains the nested-factorizable integral with the
ζ(2) factor, yet it does not yield terms with ζ(2). This is because topology (e8) is trivially
factorized into the rank-two topology (d3) in figure 3, which appears at the N2LO, where
such transcendental numbers do not emerge; Stated differently, topology (e8) is simply a
two-loop topology in the worldline picture.
Simple poles and logarithms. Most of the three-loop graphs in the worldline picture
(corresponding to graphs with one of the topologies (d), (f), or (g) in figure 4) yield
simple poles in ǫ ≡ d − 3 in conjunction with logarithms in r/R0. This is because these
graphs contain contributions proportional to the factor Γ(ǫ)(r/R0)
−4ǫ, which gives rise to
these poles and logarithms upon expansion in ǫ. In this sector all of the aforementioned
topologies (except the three nested-nested topologies (d2), (f3), and (g2)) yield such terms,
that is both the factorizable-nested and the nested-nested basic types. All in all, 131 of
the three-loop graphs give rise to such terms.
Let us highlight again that only the two basic types of factorizable-nested and nested-
nested integrals, when they occur within the three-loop topologies in the worldline picture,
give rise to poles in ǫ and logarithms, whereas only the nested-factorizable type integral,
when contained within 3-loop graphs, gives rise to the ζ(2) factors. Thus, these two
behaviors occur entirely independently: there are numerous rank-one three-loop graphs
with poles-logs and no ζ(2) factors, and conversely the rank-three graph (g5.1) in figure
11, which yields a ζ(2) factor, does not have a pole-log contribution.
4 N3LO gravitational spin-orbit action at G4
Adding up all of the graphs we get the following N3LO spin-orbit Lagrangian at G4:
LN
3LO
SO =
G4
r5
~S1
m1
· ~v × ~n
[(
20
3
− 13 ζ(2) − 5
3
(
1
ǫ
− 4 log (r/R0)
))
m31m
2
2 −
31
3
m21m
3
2
− 3
8
m1m
4
2
]
+
[
1↔ 2], (4.1)
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where ǫijkSk = Sij , with ǫijk the 3-dimensional Levi-Civita symbol, ~v ≡ ~v1 − ~v2, and
~n ≡ ~r/r. Note the overall dependence only on the relative velocity, ~v, rather than in each
of the worldline velocities separately, similar to the total results from topologies at the
highest order in G at lower PN orders in the spin-orbit sector [25, 37].
Notice that all the contributions proportional to m31m2 conspire to cancel out from the
total result, though they appear in many topologies and individual graphs’ values. This
vanishing coefficient coincides with the test particle limit, where the extreme mass ratio
limit holds, i.e. m1 ≫ m2, and the body “2” can be considered as a test particle moving
in the Kerr metric (in harmonic coordinates) generated by body “1”.
Interestingly, the poles, logarithms and factors of ζ(2), eventually appear only in the
term proportional to m21m
2
2. Note that the appearance of these features in the total result
differs from the situation in the non-spinning sector within EFT derivations, where all the
poles in ǫ, logarithms, and Riemann zeta values, which show up in general as of the N3LO,
conspire to cancel out in each of the NnLO sectors at Gn+1 for n ≤ 5, so that they all
contain only finite terms with only rational coefficients [50].
5 Conclusions
In this paper we have computed for the first time the contribution to the N3LO gravitational
spin-orbit coupling from interaction at G4. The computation is carried out within the EFT
of spinning gravitating objects [16] in terms of Feynman diagrams with topologies at this
order (see figure 4), and relied on extending and developing the EFTofPNG public code
[21]. This constitutes the most computationally challenging part of the N3LO spin-orbit
sector, as far as integration is concerned, because it contains all possible topologies at G4,
including three-loop level. This sector enters at the 4.5PN order for maximally-rotating
compact objects, and completes the results of [20] at this order, thus pushing the current
state-of-the-art to the 4.5PN accuracy.
The N3LO spin-orbit coupling at G4 consists of 388 distinct graphs to evaluate. Of
these graphs 174 are genuine three-loop graphs in the worldline picture, which give rise to
new special features in the spinning sector, that also show up in the final result. These
features include simple poles and logarithms that arise from dimensional regularization, as
well as the appearance of transcendental factors, which can be understood as next order
corrections of purely short-distance contributions that vanish in the classical context. This
is in contrast to the non-spinning sector within EFT computations, where such special
features conspire to cancel out from the final result in each of the NnLO sectors at Gn+1
for n ≤ 5. We also find that this piece of the sector vanishes in the test particle limit.
We provide here a comprehensive account of the topologies in the worldline picture of
the EFT approach. Further, all the computational aspects of the work are carried out via
the unique EFTofPNG code. Due to the increased intricacy of this sector we have developed
the EFTofPNG code, incorporating techniques from the realm of particle amplitudes. We
expect these developments to be extremely useful for studies of PN gravity, and we plan
to release a public update to the EFTofPNG code to be presented in a forthcoming publi-
cation. The present sector illustrates once again that not only tackling spins in gravity is
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conceptually challenging, this higher intricacy is also reflected at the computational level
in various aspects of the calculations.
To complete the N3LO spin-orbit sector all of the remaining contributions up to order
G3 should also be evaluated. Of the latter, the contribution at G3 is the most computa-
tionally demanding as it is the only remaining one with higher-rank graphs that require
reduction, on top of the large number of contributing graphs. Nonetheless, we believe our
extensions of the EFTofPNG code will be well-suited to handle this challenge. In general,
lower orders in G are challenging due to the higher-order spin couplings and the prolif-
eration of time derivatives. These contributions from lower orders in G will also fix the
resolution of the simple pole and logarithm that are left in the total result here. Thus,
the completion of the N3LO spin-orbit at all orders in G will be reported in forthcoming
publications.
Finally, it is evident that such high precision computations require crosschecks, prefer-
ably via independent methodologies. Therefore, prospective studies that overlap with these
sectors, possibly incorporating further modern amplitudes methods as in [63–67], are ex-
tremely desirable.
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